Voronoi diagrams, quasi-triangulations, and beta-complexes for disks in R2: the theory and implementation in BetaConcept  by Kim, Jae-Kwan et al.
 
 
 
Journal of Computational Design and Engineering Vol. 1, No. 2 (2014) 79~87 
www.jcde.org 
 
 
Voronoi diagrams, quasi-triangulations, and beta-complexes  
for disks in R2: the theory and implementation in BetaConcept  
 
Jae-Kwan Kim1, Youngsong Cho1, Donguk Kim2 and Deok-Soo Kim3,* 
1 Voronoi Diagram Research Center, Hanyang University, Seoul, South Korea 
2 Department of Industrial, Information, and Management Engineering, Gangneung-Wonju National University, Gangneung, Gangwon-do, South Korea 
3 Department of Mechanical Engineering, Hanyang University, Seoul, South Korea 
 
(Manuscript Received September 17, 2013; Revised October 28, 2013; Accepted November 1, 2013) 
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
Abstract 
 
Voronoi diagrams are powerful for solving spatial problems among particles and have been used in many disciplines of science and 
engineering. In particular, the Voronoi diagram of three-dimensional spheres, also called the additively-weighted Voronoi diagram, has 
proven its powerful capabilities for solving the spatial reasoning problems for the arrangement of atoms in both molecular biology and 
material sciences. In order to solve application problems, the dual structure, called the quasi-triangulation, and its derivative structure, 
called the beta-complex, are frequently used with the Voronoi diagram itself. However, the Voronoi diagram, the quasi-triangulation, and 
the beta-complexes are sometimes regarded as somewhat difficult for ordinary users to understand. This paper presents the two-
dimensional counterparts of their definitions and introduce the BetaConcept program which implements the theory so that users can easi-
ly learn the powerful concept and capabilities of these constructs in a plane. The BetaConcept program was implemented in the standard 
C++ language with MFC and OpenGL and freely available at Voronoi Diagram Research Center (http://voronoi.hanyang.ac.kr). 
 
Keywords: Voronoi diagram of disks; Additively-weighted Voronoi diagram; Quasi-triangulations; Beta-complexes; Beta-shapes; Spherical atoms; GUI 
program 
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1. Introduction 
Voronoi diagrams are powerful for solving spatial prob-
lems among particles in various disciplines [1]. The Voronoi 
diagram of three-dimensional spherical atoms, also called the 
additively-weighted Voronoi diagram, has shown its power-
ful capability to analyze molecular structures in both biology 
and material sciences in recent studies. However, we have 
learned that some users may regard the Voronoi diagram of 
atoms, its dual structure called the quasi-triangulation, and 
the beta-complexes somewhat difficult to understand. In this 
paper, we introduce the two-dimensional counterparts of 
their definitions and present the BetaConcept program, a 
GUI-based program for the Voronoi diagram, the quasi-
triangulation, and the beta-complex in R2, with the following 
objectives: 
1) To help users easily understand the concept of the 
Voronoi diagram, the quasi-triangulation, and the be-
ta-complex in R2, 
2) to help users identify applications of these constructs 
and test in the BetaConcept program (There are many 
important applications such  as robot path planning, 
automatic car navigation, etc. in R2), and 
3) to help users extend their understanding to R3 and 
motivate to use the BetaMol program [2], a molecular 
modeling, analysis, and visualization program for 
three-dimensional molecules. 
4) In addition, this paper introduces two formal defini-
tions: The dual mapping between the Voronoi diagram 
and the quasi-triangulation in R2 and a new concept of 
the quasi-simplicial complex which we believe will 
play an important role in the theory in future. 
We recommend readers to download and test the BetaCon-
cept program freely available from the Voronoi Diagram 
Research Center (VDRC)(http://voronoi.hanyang.ac.kr). All 
figures in this paper were produced by the BetaConcept pro-
gram. This paper is organized as follows: Section 2, 3, 4 pre-
sent the theories of the Voronoi diagram of disks, the quasi-
triangulation, and the beta-complex, respectively; Section 5 
presents the BetaConcept program; Section 6 concludes the 
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paper. 
 
2. Voronoi diagram of disks 
Let P = {p1, p2, … , pn} be a set of points in R2. The ordi-
nary Voronoi diagram VD of P is the tessellation of the space 
where the Voronoi cell VC(pi) is a set of locations closer to pi 
than to pj, i ≠ j. Let A = {a1, a2, … , an} be a set of disks ai 
= (pi, ri) with the center pi and the radius ri in R2. The Voro-
noi cell (V-cell) VC(ai) for ai is defined as VC(ai) = {x∈ R3 
| dist(x, pi) − ri ≤ dist(x, pj) – rj for i ≠ j} where dist(x, y) 
denotes the Euclidean distance between x, y ∈ R3. Then, 
the Voronoi diagram VD of A, also called the additively-
weighted Voronoi diagram, is defined as VD = {VC(a1), 
VC(a2), … , VC(an)}. The connectivity among the vertices, 
edges, and cells in VD can be stored in a data structure such 
as the winged-edge or half-edge data structure because of its 
planarity property. The BetaConcept program adapted the 
winged-edge data structure. Its counterpart of the Voronoi 
diagram of spheres in R3 can be stored in the radial-edge data 
structure [3]. VD is represented by a triplet (VV, EV, CV ) 
where VV, EV, and CV are the sets of Voronoi vertices (V-
vertices), Voronoi edges (V-edges), and Voronoi cells (V-
cells), respectively. For the details of the properties and algo-
rithms of VD in the three-dimensional space, see [4, 5]. For 
the topology data structure, see [6]. 
There have been several studies on the Voronoi diagram of 
disks and related problems. Lee and Drysdale considered the 
problem of the Voronoi diagram for a set of non-intersecting 
disks and proposed an algorithm running in O(nlog2n) [7]. 
Sharir reported an algorithm computing the Voronoi diagram 
of a disk set in O(nlog2n), where the disks may intersect [8]. 
Yap reported a O(nlogn) algorithm for computing the Voro-
noi diagram of closed polygons consisting of line segments 
and arc [9]. Gavrilova and Rokne reported an algorithm 
which maintains a valid data structure when disks are dynam-
ically moving [10]. Sugihara reported an approximation algo-
rithm for a disk set using the powerful capability of the to-
pology-oriented robust computation of the ordinary Voronoi 
diagram of points [11]. Kim et al. developed an edge-flipping 
algorithm which computed the Voronoi diagram of disks by 
flipping edges of the ordinary Voronoi diagram of points in 
O(n2) time in the worst case [12, 13]. We prefer the name 
“the Voronoi diagram of disks” to “the additively-weighted 
Voronoi diagram” for the sake of user intuition and in favor 
of applications. The BetaConcept program is based on the 
Kim and colleagues edge-flipping algorithm for the Voronoi 
diagram of disks computed from the ordinary Voronoi dia-
gram of points, it uses Sugihara’s code of the topology-
oriented robust algorithm. 
Figure 1(a) is the ordinary Voronoi diagram VD of a set P 
of points and Figure 1(b) is the Voronoi diagram VD of a set 
A of disks where each point in P has an associated circular 
atom with an assigned radius. Note that the tiny atom be-
tween the two largest atoms has a V-cell bounded by only 
two V-edges. We call that the tiny atom is associated with a 
2-edge bounded V-cell. Figure 1(c) shows the superposition 
of VD and VD. Check the similarity and dissimilarity be-
tween VD and VD: An edge of VD is flipped in VD. 
 
3. Quasi-triangulation 
Voronoi diagrams are frequently stored in their dual struc-
tures for both the convenience and efficiency from both stor-
age and query process point of view. The dual of the ordinary 
Voronoi diagram VD of points is the Delaunay triangulation 
DT which is a simplicial complex. The dual structure of the 
Voronoi diagram VD of disks is called the quasi-
triangulation QT which may be a non-simplicial complex in 
general [14, 15]. 
Definition 1. Let D be a dual operator which transforms 
VD to QT in R2 as follows: 
 D : cV ⇒ vQ is a mapping from a V-cell cV ∈ CV 
to a qt-vertex vQ ∈ VQ. The coordinate of the qt-
vertex vQ is the center p of the disk a corresponding 
to the V-cell cV. 
(a) 
(b) 
(c) 
Figure 1. The Voronoi diagram of points and disks: (a) 
the Voronoi diagram VD of points, (b) the Voronoi dia-
gram VD of disks, (c) the superposition. 
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 D : eV ⇒ eQ is a mapping from a V-edge eV  ∈ 
EV to a qt-edge eQ ∈ EQ. The qt-edge eQ is a line 
segment bounded by vQi and vQj, for distinct i and j, 
where the disks ai and aj define the V-edge eV. 
 D : vV ⇒ fQ is a mapping from a V-vertex vV  ∈ VV 
to a qt-face fQ ∈ FQ .The qt-face fQ is a topological 
triangle bounded by three vertices vQi, vQj, and vQk, for 
distinct i, j, and k, which correspond to the three disks 
defining the V-vertex vV . Each pair of qt-vertices de-
fines a qt-edge eQ of fQ. The orientation of fQ is critical 
and should be consistent with the angular ordering of 
the V-edges incident to vV. 
Figure 2 illustrates an example of the dual mapping D. 
The qt-vertices vQ1, vQ2 and vQ3 in Figure 2(b) are trans-
formed from the V-cells cV1, cV2, and cV 3 in Figure 2(a), re-
spectively. Hence, the coordinates of the qt-vertices are from 
the coordinates of the centers of the disks corresponding to 
the V-cells. The qt-edges eQ1, eQ2 and eQ3 are from the V-
edges eV1, eV2 and eV3, respectively. The qt-face fQ1 is from the 
V-vertex cV1. In the mapping D, the orientations of the qt-
edges and the qt-face are carefully maintained. The reverse 
mapping, D −1, from QT to VD can also be similarly defined.  
The dual map D between VD and QT is, in a way, similar to 
the dual map between VD and DT. Briefly speaking, in the 
plane, D maps a V-cell to a qt-vertex, a V-edge to a qt-edge, 
(a) 
 
(b) 
 
(c) 
 
(d) 
Figure 3. Anomalies in QT: (a) anomaly in schematic 
QT with VD, (b) anomaly in real QT, (c) and (d) anoma-
lies occurring in a nested form. 
(a)
(b)
Figure 2. The dual mapping D as follows: (a) Voronoi 
diagram of three circles, (b) transformed quasi-triangulation. 
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and a V-vertex to a qt-cell. Then, the quasi-triangulation can 
be represented by a triplet QT = (VQ, EQ, FQ) where VQ, EQ, 
and FQ are the sets of vertex simplexes (qt-vertices), edge 
simplexes (qt-edges), and triangular cell simplexes (qt-cells), 
respectively. Hence, QT correctly defines the proximity 
among disks and is equivalent to VD from the topological 
point of view. VD can be transformed to QT in O(m) time in 
the worst case where m represents the number of simplexes 
in QT. For the detailed definition and properties of the quasi-
triangulation in a more general setting of three-dimensional 
spaces, see [14, 15].  
It is well-known that the Delaunay and the regular triangu-
lations are a simplicial complex which is powerful to answer 
to various geometric and topological queries. However, it 
was earlier observed that the quasi-triangulation in R3 pos-
sesses properties which violate the condition for a simplicial 
complex [14, 15]. Until now, a complex is only considered a 
general class of non-simplicial complex if it does not satisfy 
the condition of a simplicial complex. In this paper, we pro-
pose a distinct class of non-simplicial complex which is de-
fined as follows: 
Definition 2. C is a quasi-simplicial complex if it satisfies 
the following two conditions: 
 Any face of an element in C is also in C, and 
 two elements in C intersect at one or more lower-
dimensional face, if it does. 
Be aware that this definition is a slight generalization of 
that of simplicial complex. Two k-simplexes in C can share 
up to k +1 common (k −1)-simplexes in Rd where k ≤ d. 
It turns out that the quasi-triangulation is a quasi-simplicial 
complex. Figure 3 illustrates an example. Figure 3(a) shows 
five disks and the Voronoi diagram VD (shown in solid 
curves). The green broken curves (with two bent curves) 
denote the schematic diagram of the dual mapping of VD 
and thus they altogether present the topology of the quasi-
triangulation QT. Note that each green broken curve corre-
sponds to a V-edge and there are two triangles defined by 
two big disks and a small disk in the middle. Figure 3(b) 
shows the real QT obtained by straightening the bent curves. 
Note that the two schematic triangles bounded by the green 
broken edges do not overlap and thus they are topologically 
distinct. However, the two green broken triangles map to two 
identical-looking skinny triangles (bounded by green solid 
line segments) in QT in Figure 3(b). The red-colored triangle 
denotes this fact and thus implies that there are two super-
posed ones from geometric point of view. This phenomenon 
is called an anomaly. Figures 3(c) and 3(d) show that such an 
anomaly can occur in a nested form. 
Data structures to store QT and VD are of importance. 
While DT can be stored in the simplicial complex data struc-
ture (SCDS), QT needs a specialized variation known as the 
inter-world data structure (IWDS). See Kim et al. [14] for 
details of IWDS in R3. It is, however, interesting to observe 
that, in R2, the IWDS reduces to SCDS. From topological 
point of view, the difference between QT and DT in R2 is the 
following: In DT, two triangular faces can share at most one 
edge, but in QT, two triangular faces can share one or two 
edges. This property of QT can be incorporated into SCDS 
in that two incident face pointers have identical values. 
Figures 4(a) and 4(b) show the schemas of the (standard 
full) winged-edge data structure for the Voronoi diagrams 
and the inter-world data structure for the quasi-triangulation 
in the BetaConcept program, respectively. The integer next 
to an arrow denotes the number of pointers. The data struc-
ture in Figure 4(b) can be further compactly made as Figure 
4(c) if the queries are only for the topology traversal among 
simplexes. BetaConcept explicitly represents edge-simplexes. 
Note that the schema in Figure 4(c) is also a popular way of 
storing the topology of the Delaunay triangulation. 
Figure 5 shows the quasi-triangulation corresponding to 
the Voronoi diagram in Figure 1(b). Note that there is a skin-
ny red triangle between the two largest disks. This seemingly 
one triangle is in fact the superposition of two triangles: one 
dual-mapped from each of the two Voronoi vertices existing 
on the Voronoi edge between the two largest disks in the 
Voronoi diagram. In such a case, one triangle is clockwise 
 
(a) (b) (c) 
Figure 4. Data structure schemas: (a) the winged-edge data structure (WEDS) used for VD, (b) the inter-world data struc-
ture (IWDS) used for QT, (c) the compressed version of IWDS. 
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oriented (with a negative signed area) and the other is coun-
terclockwise oriented (with a positive signed area). The red 
colored triangle corresponds to the one with the negative 
signed area. This intriguing case is called the anomaly case 
and is the only one anomaly case in the plane. In the three-
dimensional case, there are other anomaly cases and for the 
details, see [16]. 
 
4. Beta-complex 
Suppose that we select a qt-edge e (connecting a pair of 
atom centers) from QT and consider a circular probe with 
the radius β. Suppose that we move the probe around the two 
atoms and test if the probe can move freely between the two 
atoms without simultaneously intersecting both atoms. If the 
probe can pass, we remove e from QT. Otherwise, we leave 
it in QT. We repeat this operation for all the qt-edges in QT. 
Now, we select a qt-cell f (connecting a triplet of atom cen-
ters) from QT. We check if it is possible to place the probe 
among the three atoms so that it can be free of intersection 
with all three atoms at the same time. If it can be placed, we 
remove the qt-cell from QT. Otherwise, we leave the qt-cell 
in QT. We also repeat this operation for all qt-cells in QT. 
Then, we are left with a subset of QT which corresponds to 
an object called the beta-complex BC corresponding to the 
probe. Hence, the beta-complex is a subset of the quasi-
triangulation where its boundary is defined by the size of the 
probe (i.e., the probe radius). The region of the space bound-
ed by the boundary of the beta-complex is called the beta-
shape BS. For details in R3, see [17]. 
The description above tells us that the extraction of the be-
ta-complex from the quasi-triangulation is in fact a search 
problem for appropriate simplexes. This search can be done 
efficiently if the simplexes are classified according to their 
states as follows and sorted using a parameter indicating the 
range of probe radius. Suppose that σ is a qt-edge. Then, σ is 
called singular if the probe can touch σ at exactly two loca-
tions; regular if the probe can touch σ at only a single loca-
tion; interior if the probe cannot touch σ; Otherwise (i.e., the 
probe can freely pass through σ), σ is exterior. Suppose that 
σ is a qt-vertex. Then, σ is singular if the locus of the probe 
centers touching σ is a complete circle and is regular if the 
locus is one or more arc. In all cases, σ is interior if the probe 
cannot touch σ at any location. A qt-vertex is never exterior. 
Suppose that σ is a qt-face. Then, σ is interior if the probe 
cannot be placed in the middle of three disks unless it inter-
sects one or more disk. Otherwise, σ is exterior. 
Table 1 summaries the detailed search rule used to extract 
the beta-complex from the quasi-triangulation based on the 
states of simplexes. The inter-world data structure schema of 
Figure 4(b) is adapted in the BetaConcept program because 
the edge-simplexes should be explicitly represented to store 
the intervals, called the beta-interval, for each edge. For the 
details of the rule, see [17]. For the inter-world data structure 
in R3, see [14]. The simplex search for beta-complexes can 
be done in O(logm) time in the worst case where m is the 
number of simplexes in the quasi-triangulation [17]. The 
computational issue for the simplex search was discussed for 
general queries in [18]. 
Figure 6(a) shows the input disk generators and the quasi-
triangulation. Figures 6(b) through 6(f) are the beta-
complexes for various probes of increasing size from a small 
value to infinity. Figure 6(c) shows the anomaly triangle in 
the quasi-triangulation does not appear whereas Figure 6(d) 
shows that the anomaly triangle (the skinny red face) appears 
in the beta-complex when the probe size slightly increases. 
Recall that the red triangular face is in fact two triangles. 
Figure 6(f) is the beta-complex corresponding to the probe 
size of infinity and is identical to the quasi-triangulation. 
Suppose that we collect the vertices and edges on the 
boundary of the beta-complex and consider that the interior 
of the boundary is filled with a material. Then, the filled ob-
ject is thus the beta-shape and has the following properties: i) 
It may consist of polygons with their interior filled; ii) It may 
consist of edges connecting polygons; iii) It may have dan-
gling edges; iv) Two polygons may touch each other at a 
vertex; or v) It may have disconnected components (such as 
vertices, edges, and/or polygons). Hence, a beta-shape can be 
non-manifold. In the three-dimensional case, see [17]. 
 
5. The BetaConcept program 
The BetaConcept program was developed with a standard 
Figure 5. Quasi-triangulation of the Voronoi diagram in 
Figure 1(b). 
Table 1. Rules to compute the β-intervlas of simplexes in 
the 2D quasi-triangulation. 
Simplexes and  
Their Local Configurations 
Rule 
Bounding State 
Singular Regular Interior
Triangular Face 1   ሾߩ஺,∞ሻ
Edge
∉ ∂SHሺAሻ, unattached 2 ሾߩ஺, ߤ஺ሻ ሾߤ஺, ߤ஺ሻ ሾߤ஺,∞ሻ
∉ ∂SHሺAሻ, attached 3  ሾߤ஺, ߤ஺ሻ ሾߤ஺,∞ሻ
∈ ∂SHሺAሻ, unattached 4 ሾߩ஺, ߤ஺ሻ ሾߤ஺,∞ሻ  
∈ ∂SHሺAሻ, attached 5  ሾߤ஺,∞ሻ  
Vertex
∉ ∂SHሺAሻ  6 ሾെ∞, ߤ஺	ሻ ሾߤ஺, ߤ஺ሻ ሾߤ஺,∞ሻ
∈ ∂SHሺAሻ  7 ሾെ∞, ߤ஺ሻ ሾߤ஺,∞ሻ  
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C++, the MFC for user interface, and the OpenGL for its 
graphics and consists of six groups of functions: 
 Creation, selection, modification, and deletion of 
disk generators 
 The computation of VD/VDs, the transformation to 
DT/QT , the extraction of BC, and the analysis of 
their statistics 
 Offsetting and blending 
 File i/o 
 Attribute editing 
 Replay of the system status 
The graphical user interface of the BetaConcept program, 
shown in Figure 7, consists of three sections: the graphical 
display, the statistics display (bottom-left), and the menu for 
user’s control of the program (right). An online manual can 
be invoked by clicking the button at the top-right on the 
screen. 
5.1 Creation, selection, deletion, and transformation of disk 
generators  
Users can create disk generators in two ways: i) One-at-a-
time creation by dragging the left-button-pressed mouse 
while the “ctrl” key is also pressed and ii) a grid-template 
creation by clicking the button on the menu panel. Users can 
determine the size of a grid by providing parameters. Figure 
8(a) shows two clusters of disk generators created: One by 
one-at-a-time approach and the other by the grid-template 
creation for the matrix of 3×5. 
There are two ways to select disks: i) Clicking the left but-
ton on the top of the disk to choose and ii) using a rubber-
banding by dragging the left-button-pressed mouse while the 
“shift” key is pressed. The rubber-banding method can select 
(a) (b)
(c) (d)
(e) (f) 
Figure 6. A set of disk generators, the quasi-triangulation, and the beta-complexes corresponding to different probe values 
of the radius β: (a) the input disks with QT, (b) BC for a tiny β1 > 0, (c) BC for β2 > β1 (no anomaly), (d) BC for β3 > β2 
(an anomaly), (e) BC for β4 > β3, and (f) BC for β5 = ∞ (BC is identical to QT). 
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a group of disks in a rectangular range. Selected disks can be 
either deleted by simply pressing the “delete” key or their 
attributes can be modified. 
All created generators can be translated with mouse and ro-
tated with the menu and the transformed generators can re-
turn to the initial view. Zoom-in and zoom-out are also pro-
vided. 
5.2 Attribute editing  
Users can edit the attributes of selected entities. In the case 
of a disk, the user can modify both the geometry (i.e., coor-
dinates and radius) and the presentation style such as the 
color, thickness, style of the disk. A disk can also be filled 
with different colors. Other entities such as the Voronoi dia-
grams, the quasi-triangulation, the beta-complex, the beta-
shape, etc. can also be modified in a similar manner. In Fig-
ure 8(a), different colors are used to fill the disk generators 
and the quasi-triangulation is also colored differently. Figure 
8(b) shows the beta-complex with attributes edited. 
5.3 Computation of VD, QT , and BC 
The BetaConcept program computes the VD when more 
than three disks are created and transforms it to QT. Users 
can extract the BC from the QT by setting the probe radius, 
i.e., a β-value. The β-value can be set by either adjusting a 
slide bar or typing the value on the menu. The VD, QT , and 
BC can be displayed independent to each other by check-
ing/unchecking the box on the menu. Users can change the 
visibility of the each simplexes (i.e., visibility of vertices, 
edges, or faces) and change the style of each simplex. The 
statistics of the VD, the QT , and the BC are displayed in the 
statistics panel. If the status of any of them changes, the sta-
tistics will be change automatically. 
5.4 File i/o 
The BetaConcept program has three modes of file i/o. The 
disk generators can be stored in an ASCII file and can be 
later loaded again. The current visualization in the graphics 
panel can also be stored in a PDF file so that it can be used in 
documents. All graphical figures in this paper were produced 
using this function. The user can load a bitmap image file as 
the background as shown in Figure 9. 
 
(a)
(b)
Figure 8. Diverse ways to assign attributes to the entities 
in the BetaConcept program: (a) generators, the Voronoi 
diagram, and the quasi-triangulation, (b) generators, the 
Voronoi diagram, and the beta-complex. 
Figure 7. The BetaConcept program graphical user interface. 
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5.5 Simulation (replay)  
The BetaConcept program maintains the session status by 
the order of either the creation of the disks currently dis-
played or by users’ choice. Thus, by triggering the creation 
sequence of the input disks in this order, users can catch the 
status change by incrementing disks one by one. We call this 
process a simulation. In other words, the user can simulate 
the changes of VD, QT, and BC by activating the simulation 
function by clicking the “simulation” button on the menu 
which has two options: automatic and manual. If the user 
chooses the automatic option and sets the time interval in the 
unit of second, the program shows the status change by in-
crementing disks one by one with the defined time interval. If 
the user chooses the manual, users can increment disk one by 
one by clicking the next button on the control panel. 
5.6 Offsetting and blending 
The BetaConcept program can compute a trimmed offset 
with the offset amount δ > 0. The computation of blending 
is also similar to the offset computation. The program first 
computes the beta-shape BS for β = δ and then extracts the 
boundary ∂BS to store in a graph data structure G = (VG, EG). 
A singular edge eG ∈ EG means that its two incident qt-cells 
are exterior and a regular edge means that one of its two inci-
dent qt-cells is exterior and the other is interior.  
G is in general a forest. Suppose that G = {ξ1, ξ2, … , ξm} 
where ξ ∈ G is a component. For each component ξ of G, 
the program does the following. If all edges in ξ is regular, 
its graph structure is directly used for connecting offset arcs. 
Otherwise, it duplicates each singular edge and creates a loop 
structure with proper orientation. Note that the orientation of 
each edge provides the information how to choose the inter-
section point between two intersection points between two 
atom boundaries. Given a beta-shape BS, the offset-
computing algorithm is easy and obvious and its computa-
tional complexity is O(m) in the worst case where m repre-
sents the number of edges on ξ. Note that m = O(n) in the 
worst case in R2. The idea inherits the earlier one in [19]. 
Figure 10 shows the offset and blends with the Voronoi di-
agram VD and the beta-shape BS for four different probes. 
In each figure, the black disks are the input disks and the 
shaded disks are the offset disks. Note that the boundary of 
the offset is correctly computed and the intersection between 
consecutive arcs are precisely located on the Voronoi dia-
gram VD. The red chain is the boundary of the blended disks 
defined by the probe. Both the offsets and blends are com-
puted using the beta-shape shown inside the shaded region. 
 
6. Conclusions 
In this paper, we presented the definition of the dual map-
ping between the Voronoi diagram and the quasi-
triangulation in the plane. In particular, we introduced the 
notion of the quasi-simplicial complex for the first time and 
showed that the quasi-triangulation is a quasi-simplicial 
complex. We also introduced the BetaConcept program 
which is the implementation of the two-dimensional Voronoi 
diagrams, quasi-triangulations, and their beta-complexes. 
The BetaConcept program can help users to learn about the 
powerful concept and capabilities of the Voronoi diagram, 
the quasi-triangulation, and the beta-complex in the plane 
and hopefully extend the understanding to their three-
dimensional counterparts. By using this program, users can 
also identify applications of these constructs in the plane. We 
welcome any suggestions and collaborations for these con-
structs, BetaConcept, and BetaMol. 
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Figure 10. The offset and blends with VD and BC for 
given input disks: (a) for a tiny probe with β1 > 0, (b) for a 
small probe (β2 > β1), (c) for a medium probe (β3 > β2), 
and (d) for a large probe (β4 > β3). 
